Abstract. Recently the present authors introduced a general class of Finsler connections which leads to a smart representation of connection theory in Finsler geometry and yields to a classification of Finsler connections into the three classes. Here the properties of one of these classes namely the Berwald-type connections which contains Berwald and Chern(Rund) connections as a special case is studied. It is proved among the other that the hv-curvature of these connections vanishes if and only if the Finsler space is a Berwald one. Some applications of this connection is discussed.
Introduction
Always there were a hope to find a solution for some of the unsolved problems by developing a connection theory, thus it is useful to introduce new connections in Finsler geometry. As it is mentioned in [12] , the study of hv-curvature of Finsler connections is of urgent necessity for the Finsler geometry as well as for theoretical physics. Similarly as another application of Finsler connections in physics one can mention an example in Relativistic field theory. In this theory different connections have been defined in Finsler geometry where the connections, torsions, or curvatures can be related to fields which might be identified as electromagnetic or Yang-Mills fields. In this relation, one can refer to [2] , [5] and [11] .
Historically, in Riemannian geometry, the connection of choice was that constructed by Levi-Civita, which has two remarkable attributes; metric-compatibility and torsion-freeness. In 1926, L. Berwald [5] introduced a connection and two curvature tensors. The Berwald connection is torsion-free, but is not necessarily metric-compatible. It was Berwald who first successfully extended the notion of Riemann curvature to Finsler spaces. He also introduced a notion of non-Riemannian quantity called Berwald curvature. From this point of view, Berwald is the founder of differential geometry of Finsler spaces [14] . Next, Cartan in 1934 has find locally the coefficients of a metric-compatible and h-torsion free connection, called later, Cartan connection. The global construction of this connection is given in a remarkable work of AkbarZadeh in 1967 [1] . Other progress came in 1948, when the Chern (Rund) connection was defined. In 1943 Chern studied the equivalence problem for Finsler spaces using the Cartan exterior differentiation method [8] .
Chern came back to his connection in 1993, in a joint paper with Bao [3] and shows its usefulness in treating global problems in Finsler geometry. The Berwald and Chern connections also fail slightly but expectedly, to be metric-compatible. The Chern connection has a simpler form, while the Berwald connection affects a leaner hh-curvature for spaces of constant flag curvature. Indeed the Berwald connection is particularly convenient when dealing with Finsler spaces of constant flag curvature. It is most directly related to the nonlinear connection coefficients and most amenable to the study of the geometry of paths. These connections (Berwald and Chern) coincide when the underlying Finsler structure is of Landsberg type. They further reduce to a linear connection on M , when the Finsler structure is of Berwald type [9] , [10] .
Recently the present authors have defined a general class of Finsler connections which leads to a general representation of some Finsler connections in Finsler geometry and yields to a classification of Finsler connections into the three classes, namely, Berwald-type, Cartan-type and Shen-type connections [6] . In the present work we study the properties of the former connection which contains Berwald and Chern(Rund) connections as special cases and is the most general connection of this kind. We prove in continuation of Berwald's and Chern's works that the hv-curvature of the Berwald-type connection characterizes the Berwald structure.
A distinguished property of the introduced connection is its adaptive form for different applications. In fact one can use a suitable special case of this connection to find a geometric interpretation for solutions of certain differential equations formed by Cartan tensor and its derivatives. For example in section 4 we prove: Let (M,F) be a complete Finsler manifold with bounded Landsberg tensor. Then F is a Landsberg metric if and only if its hv-curvature P jkl vanishes.
Preliminaries
Let M be a n-dimensional C ∞ manifold. For a point x ∈ M , denoted by T x M the tangent space of M at x. The tangent bundle of M is the union of tangent spaces.
Throughout this paper, we use Einstein summation convention for expressions with indices.
1
A Finsler structure on a manifold M is a function F : T M → [0, ∞) with the following properties:
(ii)F is positively 1-homogeneous on the fibers of tangent bundle T M :
(iii) The Hessian of F 2 with elements g ij (x, y) := be represented in the local natural frame (
It can be written in the formX = (x, y, X i , Y i ) or, shorter,X = (x, y, X, Y ). The mapping π * : T T M → T M has the local form
We can write the vertical subbundle as (V T M, π V T M , T M ). Its fibres are the linear vertical spaces V u T M , u ∈ T M. The points of submanifold V T M are of the form (x, y, 0, Y ). Hence, the fibers V u T M of the vertical bundle are isomorphic to the real vector space R n .
Let us consider the pullback tangent bundle π * T M defined as follows ( [4] ):
Take a local coordinate system (x i ) in M. The local natural frame {
This gives rise to a linear isomorphism between π * T M | y and T x M for every y ∈ T x M. There is a canonical section ℓ of π * T M defined by ℓ = ℓ i ∂ i , where ℓ i = y i /F (x, y). The fibers of π * T M , i.e., π * u T M are isomorphic to T π(u) M . One can define the following morphism of vector bundle ρ :
By means of these consideration one can see without any difficulties that the following sequence is exact
where i is natural inclusion map.
A nonlinear connection on the manifold T M is a left splitting of the exact sequence (1.1). Therefore, a nonlinear connection on TM is a vector bundle morphism C : T T M → V T M , with the property C • i = 1 V T M . The kernel of the morphism C is a vector bundle of the tangent bundle (T T M, π * , T M ), denoted by (HT M, π HT M , T M ) and called the horizontal subbundle. Its fibres
Therefore, a nonlinear connection N induces the following Whitney sum:
Let we put
where the above N i j are the components of N and are known in the trade as the nonlinear connection coefficients on T M 0 . Restriction of the morphism ρ : T T M → π * T M to the HT M is an isomorphism of vector bundles, for which we have
A Finsler connection is a pair of a linear connection ∇, and a nonlinear connection N .
Given a Finsler metric F on M, 
Clearly, A ijk is symmetric with respect to i, j, k. The Cartan tensor
Riemannian manifolds are characterized by A ≡ 0. F is positively homogenous of degree 1 on M then by the Euler's theorem we see that y i F y i = F and then y i F y i y j = 0 using this the canonical section ℓ satisfies:
where the second equation is equivalent to A(X, Y,
Letl denote the unique vector field in HT M such that ρ(l) = ℓ. We calll a geodesic or spray field on T M 0 .
Let ∇ be the Berwald (or Chern) connection, by means of ∇, the tensorȦ is defined byȦ :
Obviously, ∀m ∈ N, the tensors 
Clearly Minkowski and Riemannian metrics are trivial Berwald metrics. If F (x, y) is a Berwald metric, it is a Landsberg metric. But the converse might not be true, although no counter-example has been found yet [14] . A fundamental theorem in Finsler geometry says that a Finsler metric F is a Berwald metric if and only if the Cartan tensor is covariantly constant along all horizontal directions on the slit tangent bundle T M 0 (see [15] and [4] for proof). Thus in the Berwald case,
Flag curvature. A flag curvature is a geometrical invariant that generalizes the sectional curvature of Riemannian geometry. Let x ∈ M , 0 = y ∈ T x M and V := V i ∂ ∂x i . Flag curvature is obtained by carrying out the following computation at the point (x, y) ∈ T M 0 , and viewing y, V as section of π * T M :
where g is a Riemannian metric on π * T M . If K is independent of the transverse edge V , we say that our Finsler space has scalar flag curvature. Denote this scalar by λ = λ(x, y). When λ(x, y) has no dependence on either x or y, then Finsler manifold is said to be of constant flag curvature.
Berwald-type connection on π * T M
In this section we introduce a new family of Finsler connections which are torsion-free and almost compatible with the Finsler metric. In the sequel we will refer to this connection by "Berwald-type connection". 
(ii) D is almost compatible with the Finsler metric g, if for all
where ρ(Ẑ) := (v, π * (Ẑ)), µ(Ẑ) := DẐ F ℓ, m ∈ N and k i ∈ R.
The bundle map µ :
Theorem 2.1. Let (M, F ) be a Finsler manifold. Then there is a unique linear torsion-free connection D in π * T M , which is almost compatible with the Finsler structure in the sense of (2 .2).
Proof. In a standard local coordinate system (x i , y i ) in T M 0 , we write
By replacingX,Ŷ in (2 .1) with the basis of 
where g ij , A ijk and A (m) ijk , ∀m ∈ N are all functions of (x, y). We shall compute Γ k ij by " Christoffel's trick " from (2 .4) and (2 .6). Then making a permutation to i, j, k in (2 .6), and using (2 .4), we obtain
where we have put
and
Multiplying (2 .9) by ℓ j , yields
Substituting (2 .10) into (2 .9), we obtain
Substituting (2 .11) in (2 .8), we obtain
Then using (1 .3), (2 .12) become
This proves the uniqueness of D. The set {Γ k ij , F k ij = 0} where {Γ k ij } are given by (2 .13), define a linear connection D on π * T M satisfying (2 .1) and (2 .2). The bundle map µ : T (T M 0 ) → π * T M defined in Definition 1 can be expressed in the following form;
where
Using the nonlinear connection coefficients, for Berwald-type connection we have (2.15)
We summarize that Kerρ = V T M , Kerµ = HT M , ρ restricted to HT M is an isomorphism onto π * T M , and µ restricted to V T M is the bundle isomorphism onto π * T M.
Curvature tensors
In this section we study the curvature tensors of the Berwald-type connection. This connection is torsion-free and almost compatible with Finsler metric in the sense of (2 .2). As a torsion-free connection, it defines two curvatures R and P . The R-term is the so-called Riemannian curvature tensor which is a natural extension of the usual Riemannian curvature tensor of Riemannian metrics, while the P -term is purely nonRiemannian quantity. We prove also that the hv-curvature P of this connection vanishes if and only if the Finsler structure is a Berwald structure. The curvature tensor Ω of D is defined by
whereX,Ŷ ∈ χ(T M 0 ) and Z ∈ π * T M.
Let {e i } n i=1 be a local orthonormal (with respect to g) frame field for the vector bundle π * T M such that g(e i , e n ) = 0, i = 1, ..., n − 1 and e n := ℓ. Put ℓ i := g ij ℓ j = F y i . Let {ω i } n i=1 be its dual co-frame field. The ω i s are local sections of the dual bundle π * T M . One readily finds that ω n : ∂F ∂y i dx i = ω, which is the Hilbert form. It is obvious that ω(ℓ) = 1.
Put 
According to Theorem 2.1 there exits a connection 1-forms {ω i j } which satisfy the following torsion-freeness and almost compatibility as follows.
In fact using the local orthonormal frame field {e i } n i=1 for the vector bundle π * T M and its dual co-frame field {ω i } n i=1 , (2 .1) and (2 .2) respectively, after a straightforward calculation analogous to the proof of Theorem 2.1, become (3 .2) and (3 .3). Let us we put
where g ij.k and g ij|k are respectively the vertical and horizontal covariant derivative of g ij . This gives (3.5)
Moreover the torsion freeness is equivalent to following
Clearly (3 .1) is equivalent to
Since the Ω i j are 2-forms on the manifold T M 0 , they can be generally expanded as (3.9 )
be the local basis for T (T M 0 ), which is dual to {ω i , ω n+i } n i=1 , i.e.,ē i ∈ HT M,ė i ∈ V T M such that ρ(ē i ) = e i , µ(ė i ) = F e i . The objects R, P and Q are respectively the hh-, hv-and vv-curvature tensors of the connection D and with R(ē k ,ē l )e i = R j i kl e j , P (ē k ,ė l )e i = P 
We decompose the covariant derivatives of the Cartan tensor on T M
and in the similar way ∀m ∈ N, for m A ijk we have:
Clearly from (3 .15) and (3 .16), we find that for each l and ∀m ∈ N proof. Let (M, F ) be a Finsler manifold. Differentiating (3 .3), and using (3 .2), (3 .3), (3 .8) , (3 .15) , (3 .16), (3 .17), (3 .18) , (3 .19) , (3 .20) and (3 .21) leads to
By using (3 .9) and (3 .22) we gives the following
Permuting i, j, k in (3 .24) yields
and (3.27)
that is because P njnl = 0. Now if F is Berwald metric from (3 .26) and (3 .27) we conclude P = 0. Conversely let P = 0. It follows from (3 .27),
By means of (3 .26) we have
Permuting i, j, k in the above identity yields
Letting k = n in the above relation, we can conclude
It is obvious that 
It is easy to see that ρ( dĉ dt ) = ℓĉ, where c is called a geodesic if its canonical liftĉ satisfies dĉ dt = ℓĉ, wherel is the geodesic field on T M 0 defined for ℓ ∈ HT M by ρ(l) = ℓ.
Let I x M = {v ∈ T x M, F (v) = 1} and IM = p∈M I x M . Where I x M is called the indicatrix, and it is a compact set. We can show that the projection of integral curve ϕ(t) ofl with ϕ(0) ∈ IM is a unit speed geodesic c whose canonical lift isĉ(t) = ϕ(t).
A Finsler manifold (M, F ) is said to be backward geodesically complete (or forward geodesically complete) if every geodesic c(t), a ≤ t < b (a < t ≤ b), parameterized to have constant Finslerian speed, can be extended to a geodesic defined on a ≤ t < ∞ (−∞ < t ≤ b). A Finsler manifold (M,F) is said to be complete if it is both forward and backward geodesically complete. Let c be a unit speed geodesic in M. A section X = X(t) of π * T M alongĉ is said to be parallel if 
4.2.
Application of Berwald-type connections. In this subsection we are going to use two especial cases of Berwald-type connections introduced in section 2. A useful property of this connection is, its adaptive form for applying to the different applications. In fact one can use a suitable special case of this connection to find a geometric interpretation for solutions of some differential equations formed by Cartan tensor and its derivatives in Finsler spaces. For example we prove the following theorem. proof. To prove this theorem we introduce a connection for which we have put k 1 = k 3 = · · · = k m = 0 and k 2 = 0 in (3.27). Let F be a Landsberg metric, then from (3.27) we find that P jkl = 0. Conversely if We haveȦ = e k 2 tȦ (0). Using Ȧ < ∞ , and letting t → +∞, theṅ A(0) =Ȧ(X, Y, Z) = 0, orȦ = 0 i.e., F is a Landsberg metric.
By mean of the Theorem 4.1, every compact Finsler manifold is a Landsberg space if and only if P jkl vanishes. Next we consider a special Berwald-type connection and give another proof for the following wellknown result. By the assumption that the Cartan tensor is bounded, and letting t → ∞ and t → −∞, we see that c 2 = c 3 = 0. Then A = c 1 thereforeȦ = 0 and F is a Landsberg metric. From (4 .6), it is easy to see that A = 0.
